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0.1 Dimensionality Variables

Number of timesteps m : N

Number of samples n:N
State dimension p: N
Control dimension q:N

0.2 Specification

Given

Initial state o : R?
Initial control action guesses T :R™ 4

Uy
where T' = u,2

U
Timestep At R
Disturbance covariance matrix % : R?”*? (positive definite)
Set of outcomes Q" =w,wa, ..., Wy
Dynamics f RP xRT — R?
Cost function Jj:RPXR? - R
Default control action u: R?
Temperature A R; see note [1]

Let disturbance distribution ¢ :  —+ R — R? be a brownian process such that
e(-)(t) ~ N(0,%t). Then let disturbance tensor P : R"*"*% be the matrix of n
sample disturbances, via

e(wr)(1-At) e(w)(2- At) e(wr)(m - At)
P e(we)(1-At) e(ws)(2- At) e(ws)(m - At)
cwn)(1- AL e(w)(2-AL) .. e(w)(m - Ab)

TT UAl /UAQ Utm
TT UAl 'UAQ UAm

T=P+| . |=P+

TT UAl ’LLAQ e U



We can then consider the continuous state trajectories X; : R — RP such that
X;(0) = o, X[(j - At) = f(X;(j - At),u;). This gives us the discretized state
trajectories X : R™"*™*P

Xn(f- At) X, (2 At) Xn(m: - At)

Using the cost function j, discretized state trajectories X', and sample control trajec-
tories 7, we compute cost matrix J : R"*"™ via

j(Xl,laﬂJ) j(Xl,Zaﬂ,Q) <. j(Xl,maﬂ,m)
. j(XQ,la 7;,1) j(X2,27 75,2) L j(XZ,ma E,m)
.<Xn71a 771,1) j(Xn,Qa 771,2) s j(Xn,ma 7;z,m)

Right multiplying by a lower triangular matrix gives us the cost to go matrix J' :
R™>™  with

1
11

J =J : _
11 ...1

Similarly we need the disturbance log probability densities D : R™™ at each
step in each trajectory:

In foyaan(Pii) Infooyean(Prz) oo Infogymman(Pim)
Do In foyaa0(Pe1) Infoyan(Pe2) -0 In fooymay(Pom)
In fooyaan(Po1) Infooean(Prz) -0 In foymman (Pam)

where In f.())(Au) is the log probability density of a disturbance at time ¢, via
1
In f.(y)(Au) = —In ( (2m)2 det 2) — §AuTE’1Au (see note [2])

from which we can then consider the trajectory-to-go log probability densities
D' : R™™ with

1

11
D'=D

11 1

We then specify the jth control action u; : R?, for j : N, 1 < j <m,
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and control tensor 7" : R™*9 such that Vj : N;1 < j < m, T; = u;. Then the
algorithm

1. Computes T" as above
!

2. T« [T&*}
u

3. Returns 77}

0.3 Notes

1. X\ trades optimality for speed and stability. That is, at a high A MPPI will need
fewer samples to converge and/or will be less noisy, but the action MPPI con-
verges to will get no closer to the optimal action as A increases (|[E[MPPI] — uj|
monotonically increases with \) with respect to the dynamics model. If the model
is inaccurate, then increasing the temperature may actaully improve the opti-
mality of the controller.

Tuning plan: decrease until controller is unstable, then increase slowly until
performance degrades.

These two images show the weighting factor (e*%‘]z{,j -b QJ) as a function of the
sampled trajectory-to-go at decreasing lambda values:
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2. Notice that In ( (2m)a det E) is a constant (wrt a single controller step). Since

many of the operations here are expensive, pre-computing this is a good idea.
If X is not scheduled, it is even a compile-time constant!
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